In the paper, the problem on the existence and uniqueness of a solution to the nonlocal problem
Introduction and notation
On the interval [a, b] , we consider the boundary value problem u (t) = (u)(t) + q(t), () with λ ∈ R, which in turn contains the initial condition (if λ = ), the periodic condition (if λ = ), and the anti-periodic condition (if λ = -). Problem (), () is studied, e.g., in [, -]. In [, ] , the first step of our investigation in the general case was done. It is very useful to consider the boundary condition () as a nonlocal perturbation of the two-point condition (). Therefore, we assume throughout the paper that the functional h is defined by the formula
where λ >  and h  , h  ∈ PF ab . There is no loss of generality in assuming this, because an arbitrary functional h can be represented in form (). The paper is organized as follows. Main results are formulated and proved in Section . In Section , the main results are applied to the equation with argument deviations 
u (t) = p(t)u τ (t) -g(t)u μ(t) + q(t),
⊆ R. . C([a, b]; D) = {v ∈ C([a, b]; R) : v : [a, b] → D}, where D ⊆ R. . L ab is the set of linear bounded operators : C([a, b]; R) → L([a, b]; R). P ab is the set of operators ∈ L ab , mapping the set C([a, b]; R + ) into the set L([a, b]; R + ). . F ab is the set of linear bounded functionals h : C([a, b]; R) → R. PF ab is the set of functionals h ∈ F ab mapping the set C([a, b]; R + ) into the set R + . . C h ([a, b]; R) = {v ∈ C([a, b]; R) : v(a) = h(v)}, where h ∈ F ab .
Main results
We assume throughout the paper that the following assumptions hold:
(H) If h() = , then the operator is supposed to be 'nontrivial' in the sense that the condition () ≡  holds. (H) h ≡ , where the functional h is defined by the formula a, b] ; R). Since we are interested in the unique solvability of problem (), () for every q and c, both hypotheses (H) and (H) are rather natural. Indeed, if () ≡ , then an arbitrary constant function is a solution to problem (), () with q ≡  and c =  in the case, where h() = . On the other hand, the assumption (H) guarantees that the boundary condition () is not 'degenerated. ' Before formulation of the main results, we introduce the following definitions. 
is nonpositive on the interval [a, b] .
An operator ∈ L ab is said to belong to the set S ab (a) (resp. S ab (b)) if every function u ∈ C( [a, b] ; R) satisfying the relations 
Formulation of results
For the sake of transparency, we first formulate all the results; their proofs are postponed till Section . below.
Theorem . Assume that there exist operators
then problem (), () has a unique solution.
Then problem (), () has a unique solution.
Remark . Choosing a suitable number ε in Corollary . and using the results established in [], we can obtain several efficient conditions, sufficient for the unique solvability of problem (), (). However, we do not formulate them in detail. We note only that for ε =   , the assumption () has the form
holds on the set C h ([a, b] ; R), where the functional ω is given by the formula
Theorem . Let =  - with  ,  ∈ P ab and the relations
where
Theorem . Let =  - with  ,  ∈ P ab and the relations
is satisfied and
Then problem (), () has a unique solution. Theorem . Let ∈ P ab , the relations
hold, and there exists a function γ ∈ C( [a, b] ; R) satisfying the conditions
Let, moreover, at least one of the following conditions be fulfilled
where the number ω  is given by formula ();
Remark . If the relation h() ≥  is fulfilled, then the assumption concerning the existence of a function γ in Theorem . can be omitted. Indeed, since the operator is supposed to be nontrivial in the case where h() = , the function
satisfies conditions () and ().
It is not difficult to verify that if u is a solution to problem (), (), then the function v def = ϕ(u) is a solution to the problem
and vice versa, if v is a solution to problem (), then the function u
Using this transformation, we can immediately derive other conditions for the unique solvability of problem (), (), complementing those stated above. For example, Theorem . yields.
Proofs
The following lemma is well known from the general theory of boundary value problems for functional differential equations (see, e.g., [, ] ; in the case, where the operator is strongly bounded, see also [, , ]).
Lemma . Problem (), () is uniquely solvable if and only if the corresponding homogeneous problem
has only the trivial solution. Now, we are in position to prove the main results. According to Lemma ., it is sufficient to show that the homogeneous problem (), () has only the trivial solution.
Proof of Theorem . Let u be a solution to problem (), (). Then, in view of (), we get
By virtue of the assumption ϕ  ∈ V -ab (h) and Remark ., the problem
has a unique solution α. It follows from relations ()-() that
On the other hand, conditions () and () yield
Therefore, by virtue of the assumption ϕ  ∈ V -ab (h), relations () and () imply
Now, in view of () and the assumption ϕ  ∈ P ab , we get from () the relation
which, together with () and (), yields that α(t) ≤  for t ∈ [a, b]. Consequently, condition () guarantees u ≡ , and thus the homogeneous problem (), () has only the trivial solution.
Proof of Corollary . The validity of the corollary follows immediately from Theorem . with ϕ  = ε  and ϕ  = ( -ε)  +  .
Proof of Theorem . Let u be a solution to problem (), (). Then, in view of (), we get
On the other hand, by virtue of the assumptions h  , h  ∈ PF ab , condition () yields
Taking now the assumption ϕ ∈ V -ab (ω) into account, we get from conditions () and () that
Consequently, the homogeneous problem (), () has only the trivial solution.
Proof of Theorem . Suppose that problem (), () possesses a nontrivial solution u. According to conditions ()-() and the assumption  ∈ P ab , Proposition . guarantees the validity of the inclusion
Therefore, by virtue of the assumption  ∈ P ab , it follows from Definition . that u changes its sign. Put
and without loss of generality, we can assume that t m < t M . Using conditions (), (), (), and (), by virtue of (), (), and the assumption  ∈ P ab , we get
and
Hence, according to the condition
However, we assume that  ∈ P ab , and thus, it follows from () and () that
The integration of the first inequality in () from t m to t M , in view of () and (), implies
On the other hand, the integrations of the second inequality in () from a to t m and from t M to b, in view of () and (), yield
Moreover, on account of () and the assumptions h  , h  ∈ PF ab , condition () results in
Therefore, from () we get
which, in view of () and (), yields that
Now, from inequalities () and (), we obtain
In view of the inequality xy ≤ (x + y)  , it follows from condition () that
which, together with () and (), contradicts (). The contradiction obtained proves that problem (), () has only the trivial solution.
Proof of Theorem . Suppose that problem (), () possesses a nontrivial solution u. According to conditions (), (), and () and the assumptions  ∈ P ab and h  ∈ PF ab , Proposition . guarantees the validity of the inclusion
where the functional h -is defined by the formula
Therefore, by virtue of the assumptions  ∈ P ab and h  ∈ PF ab , it follows from Definition . that u changes its sign. Define the numbers M and m by formulae (), and choose t M , t m ∈ [a, b] such that conditions () hold. Obviously, () is satisfied, and without loss of generality, we can assume that t m < t M . Using conditions (), (), (), and (), by virtue of (), (), (), and the assumptions  ∈ P ab and h  ∈ PF ab , we get relations (), (),
Hence, according to the condition - ∈ V -ab (h -), inequalities (), (), (), and () yield
However, we assume that  ∈ P ab , and thus, it follows from () and () that inequalities () hold. Now, analogously to the proof of Theorem ., relations () and () can be derived. Since assumption () implies λ > , we get from () the inequality
which, together with () and (), contradicts (). The contradiction obtained proves that problem (), () has only the trivial solution. (a) Let condition () hold. Then the integrations of () from a to t M , from t M to t m , and from t m to b, in view of (), (), and the assumption ∈ P ab , result in
Hence, by virtue of (), condition () implies
On the other hand, on account of () and the assumptions h  , h  ∈ PF ab , condition () yields
Now, combining () and (), we get
which, on account of () and (), yields
In view of the inequality xy ≤ (x + y)  , we get from condition () that 
(b) < ) implies u(t) ≥  (resp. u(t) ≤ ) for t ∈ [a, b], which contradicts ().
The contradictions obtained prove that u does not change its sign. We can assume without loss of generality, that the function u is nonnegative. Since ∈ P ab , it follows from equation () that
Suppose that u(b) > . Then, in view of (), (), and the assumptions h  , h  ∈ PF ab , condition () yields
Hence, condition () implies
According to (), it is clear that
Taking now (), (), (), and the assumption ∈ P ab into account, we obtain
Therefore, on account of conditions () and (), the latter relation yields
However, using (), (), (), (), and the assumptions h  , h  ∈ PF ab , we get the contradiction
The contradiction obtained proves that u(b) ≤ , and thus, condition () implies u ≡ . Consequently, the homogeneous problem (), () has only the trivial solution.
Differential equations with argument deviations
In this section, we give some corollaries of the main results for the equation with deviating arguments ( 
Formulation of results
Theorem . implies the following.
Corollary . Let relations () be fulfilled, and let the functions p and τ satisfy at least one of the following conditions:
(a)
, and ess sup
.
Let, moreover, the functions g and μ satisfy at least one of the following conditions:
Then problem (), () has a unique solution. http://www.advancesindifferenceequations.com/content/2013/1/244
From Theorem ., we derive
Corollary . Let relations () be fulfilled and
where the number ω  is given by formula () and
Then problem (), () has a unique solution.
Theorem . yields the following.
Corollary . Let relations () be fulfilled,
where the functions β  , β  , β  , and σ are defined by formulae ()-(), the number ω  is given by formula (), and
Finally, we give statements concerning equation () with g ≡ , i.e., the equation Corollary . Let relations () be fulfilled,
Then problem (), () has a unique solution.
The next two statements follow from Theorem ..
Corollary . Let p ≡ , let the relations
be fulfilled, and let ess inf
Let, moreover, ess sup
Then problem (), () has a unique solution. http://www.advancesindifferenceequations.com/content/2013/1/244
be fulfilled, and let condition () hold, where the number ξ * is defined by formula ().
Then problem (), () has a unique solution.
Proofs
Proof of Corollary . Let the operators  and  be defined by the formulae
It is easy to verify that both conditions (a) and (b) of the corollary yield Proof of Corollary . Let the operators  and  be defined by formulae () and (), respectively. According to condition (), there exists ε >  such that
Moreover, conditions (), (), and () imply A  < . Therefore, by virtue of () and (), Proposition . guarantees the validity of the inclusion
Hence, according to Remark ., the problem
has a unique solution γ . It is clear that the function γ satisfies conditions () and (). Using the inclusion - ∈ V -ab (h), we get γ (t) ≥  for t ∈ [a, b], and thus, equation () yields
Furthermore, on account of (), (), and the assumptions h  , h  ∈ PF ab , condition () implies
On the other hand, γ is a solution to the equation
Hence, in view of notations () and (), the Cauchy formula implies
for t ∈ [a, b], whence we get
Taking now conditions (), () and the assumptions h  , h  ∈ PF ab into account, the relation () yields
Therefore, we get from () and () the inequality
On the other hand, by virtue of () and the assumptions h  , h  ∈ PF ab , condition () implies
and thus,
Now, it is clear that conditions (), (), and () guarantee the validity of inequality (). Consequently, the assumptions of Theorem . are satisfied. http://www.advancesindifferenceequations.com/content/2013/1/244
Proof of Corollary . Let the operators  and  be defined by formulae () and (), respectively. Condition () implies A  < . Therefore, according to () and (), Proposition . guarantees the validity of the inclusion
where the functional h -is defined by formula (). Hence, by virtue of Remark ., equation () has a unique solution γ satisfying the boundary condition
It is clear that the function γ satisfies conditions () and (). Using inclusion (), we get γ (t) ≥  for t ∈ [a, b], and thus, equation () yields the relation (). Moreover, on account of (), () and the assumption h  ∈ PF ab , condition () implies
for t ∈ [a, b], whence we get relation (). Taking now () and the assumption h  ∈ PF ab into account, condition () yields
Therefore, we get from () and () the inequality
On the other hand, by virtue of () and the assumption h  ∈ PF ab , condition () implies
Now it is clear that conditions (), (), and () guarantee the validity of inequality (). Consequently, the assumptions of Theorem . are satisfied. http://www.advancesindifferenceequations.com/content/2013/1/244
Proof of Corollary . Let the operator  be defined by formula (), and let  ≡ . It is easy to verify that conditions () and () yield Proof of Corollary . Let the operator be defined by the formula
It is clear that ∈ P ab . Moreover, condition () implies the validity of inclusion () (see Proposition .).
On the other hand, according to () and (), there exist y  >  and ε >  such that
Obviously, condition () yields δ ≥ . Therefore, we get from () the relation
Now, we put
Then, by virtue of (), (), and the assumptions h  , h  ∈ PF ab , it is easy to verify that the function γ satisfies conditions () and (). Consequently, the assumptions of Theorem . are fulfilled. 
Proof of Corollary
Choosing suitable functions γ in the propositions stated above, we can derive several efficient conditions sufficient for the validity of the inclusion ∈ V -ab (h). These conditions are not formulated here in detail; we present, however, some of their corollaries for 'operators with argument deviations, ' which are used in the proofs of the results stated in Section . 
Then the operator , defined by formula (), belongs to the set V 
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